In the present paper, we introduce bi-slant submersions from almost Hermitian manifolds onto Riemannian manifolds as a generalization of invariant, anti-invariant, semi-invariant, slant, semi-slant and hemi-slant Riemannian submersions. We mainly focus on bi-slant submersions from Kaehler manifolds. We provide a proper example of bislant submersion, investigate the geometry of foliations determined by vertical and horizontal distributions, and obtain the geometry of leaves of these distributions. Moreover, we obtain curvature relations between the base space, the total space and the fibres, and find geometric implications of these relations.
Introduction
The notion of a slant submanifold was introduced by B.-Y. Chen in [10] and first results on slant submanifolds were collected in his book [11] . After he defined that notion, many geometers were inspired by that fact and have obtained many results on the notion in the different total space. As a generalization of the notion, J. L. Cabrerizo et. al. defined the notion of bi-slant submanifold in [8] and see also [9] .
On the other hand, as an analogue of isometric immersion (Riemannian submanifold), the notion of Riemannian submersion was first introduced by B. O'Neill [21] and A. Gray [14] between two Riemannian manifolds. This notion has some aplications in physics and in mathematics. More precisely, Riemannian submersions have applications in supergravity and superstring theories [19, 20] , Kaluza-Klein theory [7, 18] and the Yang-Mills theory [6, 35] . B. Watson [34] considered submersions between almost Hermitian manifolds by taking account of almost complex structure of total manifold. In this case, the vertical and horizontal distributions are invariant. Afterwards, almost is called vertical (resp. horizontal ) if it is always tangent (resp. orthogonal) to fibers. A vector field X on M is called basic if X is horizontal and πrelated to a vector field X * on N, i.e., π * X p = X * π(p) for all p ∈ M. We will denote by V and H the projections on the vertical distribution ker π * , and the horizontal distribution ker π ⊥ * , respectively. As usual, the manifold (M, g) is called total manifold and the manifold (N, g N ) is called base manifold of the submersion π : (M, g) → (N, g N ). The geometry of Riemannian submersions is characterized by O'Neill's tensors T and A, defined as follows:
1)
A U V = V∇ HU HV + H∇ HU VV (2.2) for any vector fields U and V on M, where ∇ is the Levi-Civita connection of g. It is easy to see that T U and A U are skew-symmetric operators on the tangent bundle of M reversing the vertical and the horizontal distributions. We now summarize the properties of the tensor fields T and A. Let V, W be vertical and X, Y be horizontal vector fields on M , then we have
On the other hand, from (2.1) and (2.2), we obtain
Remark 2.1. In this paper, we will assume all horizontal vector fields as basic vector fields.
It is not difficult to observe that T acts on the fibers as the second fundamental form while A acts on the horizontal distribution and measures of the obstruction to the integrability of this distribution. For details on Riemannian submersions, we refer to O'Neill's paper [21] and to the book [13] .
Bi-slant Submersions
A manifold M is called an almost Hermitian manifold [36] if it admits a tensor field J of type (1,1) on itself such that, for any X, Y ∈ T M J 2 = −I, g(X, Y ) = g(JX, JY ).
(3.1)
An almost Hermitian manifold M is called Kaehler manifold [36] if ∀X,
where ∇ is the Levi-Civita connection with respect to the Riemannian metric g and I is the identity operator on the tangent bundle T M . 
where, D θ1 and D θ2 has slant angles θ 1 and θ 2 , respectively.
Suppose the dimension of distribution of D θ1 (resp. D θ2 ) is m 1 (resp. m 2 ). Then we easily see the following particular cases.
(a) If m 1 = 0 and θ 2 = 0, then π is an invariant submersion. (b) If m 1 = 0 and θ = π 2 , then π is an anti-invariant submersion. (c) If m 1 = m 2 = 0, θ 1 = 0 and θ 2 = π 2 , then π is a semi-invariant submersion. (d) If m 1 = 0 and 0 < θ 2 < π 2 , then π is a proper slant submersion. (e) If m 1 = m 2 = 0, θ 1 = 0 and 0 < θ 2 < π 2 , then π is a semi-slant submersion. (e) If m 1 = m 2 = 0, θ 1 = π 2 and 0 < θ 2 < π 2 , then π is a hemi-slant submersion. If each slant angles are different from either zero or π 2 , then the bi-slant submersion is called a proper bi-slant submersion. Now, we present a nontrivial example of bi-slant submersions and demonstrate that the method presented in this paper is effective.
Remark 3.2. In present paper, we assume bi-slant submersion as proper bislant submersion i.e. slant angles are from either zero or π 2 . Example. Let R 8 be 8 − dimensional Euclidean space. R 8 , J, g is a Kaehler manifold with Euclidean metric g on R 8 and canonical complex structure J. Consider the map π :
Then, we have the Jacobian matrix of π has rank 4. That means π is a submersion. So, with some calculations we observe that
Moreover, the slant angle of D θ1 is θ 1 = π 4 and the slant angle of D θ2 is
Let π : (M, g, J) → (N, g N ) be a bi-slant submersion from a Kaehlerian manifold M onto a Riemannian manifold N . Then, for any V ∈ kerπ * , we put JV = P V + F V, (3.4) where P V ∈ kerπ * and F V ∈ kerπ ⊥ * . Also, for any ξ ∈ kerπ ⊥ * , we put Jξ = φξ + ωξ, (3.5) where φξ ∈ kerπ * and ωξ ∈ kerπ ⊥ * . In this case, the horizontal distribution kerπ ⊥ * can be decomposed as follows
where µ is the orthogonal complementary of F D θ1 ⊕ F D θ2 in kerπ ⊥ * , and it is invariant with respect to the complex structure J. By using (3.4) and (3.5), we obtain the followings. Lemma 3.3. Let π be a bi-slant submersion from a Kaehlerian manifold (M, g, J) onto a Riemannian manifold (N, g N ). Then, we have
With the help of (3.1), (3.4) and (3.5) we obtain the following Lemma.
Lemma 3.4. Let π be a bi-slant submersion from a Kaehlerian manifold (M, g, J) onto a Riemannian manifold (N, g N ). Then, we have
for any vector field X ∈ D θ1 and U ∈ D θ2 .
We investigate the relation between complex structure J and O'Neill tensors T and A. Lemma 3.5. Let π be a bi-slant submersion from a Kaehlerian manifold (M, g, J) onto a Riemannian manifold (N, g N ). Then, we have
12)
for any U, V ∈ kerπ * and ξ, η ∈ kerπ ⊥ * .
Proof. Let U and V be in kerπ * . Since M is Kaehlerian manifold, we have J∇ U V = ∇ U JV . From (2.5), (2.6), (3.4) and (3.5), we obtain
Then, in the view of Remark 2.1, considering the vertical and horizontal parts of the last equation gives us (3.7) and (3.8) . For the rest of the equations, the same way could be applied.
Now, we obtain equations which mean Gauss and Weingarten equations for bi-slant submersions.
Lemma 3.6. Let π be a bi-slant submersion from a Kaehlerian manifold (M, g, J) onto a Riemannian manifold (N, g N ). Then, for any X, Y ∈ D θ1 and U, V ∈ D θ2 , we have
Proof. Assume that X, Y be in D θ1 and U, V be in D θ2 . Then, from (3.1), (3.2) and (3.4), we have
With the help of (3.1) and (3.4), we obtain
By Lemma 3.4-(a), Remark 2.1, (2.5) and (2.6), we get
If we edit the last equation and take into account the properties of O'Neill tensors T and A, we get (3.13). To obtain (3.14) , the same idea can be used.
Integrability
In this section, we investigate the integrability of the distributions which are mentioned in the definition of bi-slant submersion. 
So we obtain the assertion. 
Proof. Let X ∈ D θ1 and U, V ∈ D θ2 . Then, from (3.14), we get
So, the assertion is obtained.
Totally and Mixed Geodesicness
In this section, we investigate the geometry of the fibers, vertical distribution and horizontal distribution for a bi-slant submersion.
Theorem 3.9. Let π be a bi-slant submersion from a Kaehlerian manifold (M, g, J) onto a Riemannian manifold (N, g N ). Then, the slant distribution D θ1 defines a totally geodesic foliation on kerπ * if and only if the following condition holds;
Proof. Let X, Y ∈ D θ1 and U ∈ D θ2 . From (2.5) and (3.13), we have
So, the slant distribution D θ1 defines a totally geodesic foliation on kerπ * if and only if∇ X Y ∈ D θ1 i.e. g(
Theorem 3.10. Let π be a bi-slant submersion from a Kaehlerian manifold (M, g, J) onto a Riemannian manifold (N, g N ). Then, the slant distribution D θ2 defines a totally geodesic foliation on kerπ * if and only if the following condition holds;
Proof. Let X be in D θ1 and U and V be in D θ2 . Thus, with the help of (2.5) and (3.14) , we obtain
Therefore, we obtain the assertion.
In the view of Theorem 3.9 and Theorem 3.10, we have the following result. where W, Z ∈ kerπ * .
Proof. Let W and Z be in kerπ * . Then, from (2.5), (2.6), (3.1), (3.4) and (3.5), we obtain
Thus, it is known that kerπ * defines a totally geodesic foliation if and only if ∇ W Z ∈ kerπ * . So, we get the assertion. 
Therefore, from the last equation, kerπ ⊥ * defines a totally geodesic foliation if and only if φ(A ξ φη + H∇ ξ ωη) + P (A ξ ωη + V∇ ξ φη) = 0.
In the view of Theorem 3.12 and Theorem 3.13, we give the following result.
Corollary 3.14. Let π be a bi-slant submersion from a Kaehlerian manifold (M, g, J) onto a Riemannian manifold (N, g N ). Then, the following three facts are equal to each other:
where M kerπ * and M kerπ ⊥ * are integral manifolds of distributions kerπ * and kerπ * * , respectively.
Parallelism of Canonical Structures
In this section, we investigate the parallelism of the canonical structures for a bi-slant submersion. Let π be a bi-slant submersion from a Kaehlerian manifold (M, g, J) onto a Riemannian manifold (N, g N ). Then, we define
where W, Z ∈ kerπ * and ξ ∈ kerπ ⊥ * . Then, it is said that
In the view of Lemma 3.5 and (3.19)∼(3.22), we have the following lemma. N, g N ) . Then, for any W, Z ∈ kerπ * and ξ ∈ kerπ ⊥ * , we get 
In the view of the fact of parallelism of F , we obtain
So, we have for any Z ∈ kerπ * g(P T W ξ, Z) = g(T W ωξ, Z) i.e. φ is parallel.
It is said that the fiber is D θ1 −D θ2 -mixed geodesic, for any two distributions D θ1 and D θ2 defined on the fiber of a Riemannian submersion, if for any X ∈ D θ1 and U ∈ D θ2 , T X U = 0. Theorem 3.17. Let π be a bi-slant submersion from a Kaehlerian manifold (M, g, J) onto a Riemannian manifold (N, g N ) with parallel canonical structure F . Then, the fibers are D θ1 −D θ2 -mixed geodesic.
Proof. Let X be in D θ1 and U in D θ2 . Then, from Lemma 3.4-(b) and (3.24), we obtain
On the other hand, from Lemma 3.4-(a) and (3.24), we get
Therefore, we obtain − cos 2 θ 2 T X U = − cos 2 θ 1 T X U.
Since cos 2 θ 2 T X U = cos 2 θ 1 T X U , we have T X U =. That implies the fibers are D θ1 −D θ2 -mixed geodesic.
Curvature Relations
In this section, the sectional curvatures of the total space, base space and the fibers of a bi-slant submersion are investigated. Let π be a bi-slant submersion from a Kaehlerian manifold (M, g, J) onto a Riemannian manifold (N, g N ). We denote the Riemannian curvature tensors of M , N and any fiber of the submersion with R, R * andR, respectively. Also, we denote the sectional curvatures of M , N and any fiber of the submersion with K, K * andK, respectively. It is known that the sectional curvature for a Riemannian submersion is defined, for any pair of non-zero orthogonal vectors U and V [21]
For any e 1 , e 2 ∈ kerπ * and E 1 , E 2 ∈ kerπ ⊥ * the Riemannian curvature tensor R is given by [21] R(e 1 , e 2 , e 3 , e 4 ) =R(e 1 , e 2 , e 3 , e 4 ) − g(T e1 e 4 , T e2 e 3 ) +g(T e2 e 4 , T e1 e 3 ), (4.2)
R(e 1 , e 2 , e 3 , E 1 ) = g((∇ e1 T )(e 2 , e 3 ),
where R, R * andR is Riemannian curvature of M , N and fiber, respectively. Furthermore, let π be submersion from a Riemannian manifold M onto a Riemannian manifold N . Then, the followings are given [21] :
K(e 1 , e 2 ) =K(e 1 , e 2 ) − g(T e1 e 1 , T e2 e 2 ) + T e1 e 2 2 , (4.8)
K(E 1 , e 1 ) = g((∇ E1 T )(e 1 , e 1 ), E 1 ) + A E1 e 1 2 − T e1 E 1 2 , (4.9)
where e 1 , e 2 ∈ kerπ * and E 1 , E 2 ∈ kerπ ⊥ * orthonormal vector fields.
Theorem 4.1. Let π be a bi-slant submersion from a Kaehlerian manifold (M, g, J) onto a Riemannian manifold (N, g N ). Then, we obtain K(e 1 , e 2 ) =K(P e 1 , P e 2 ) P e 1 −2 P e 2 −2 + K * (F e 1 , F e 2 ) F e 1 −2 F e 2 −2 −g(T P e1 P e 1 , T P e2 P e 2 ) + A F e1 P e 2 2 +g((∇ F e2 T )(P e 1 , P e 2 ), F e 2 ) − T P e1 F e 2 2 −3 A F e1 F e 2 2 + T P e2 P e 1 2 , (4.11)
, F e 1 ), (4.12)
Proof. Let e 1 , e 2 ∈ kerπ * and E 1 , E 2 ∈ kerπ ⊥ * be orthonormal vector fields. Then, by the fact that K(e 1 , e 2 ) = K(Je 1 , Je 2 ), (3.4) and (3.5), we get K(e 1 , e 2 ) = K(Je 1 , Je 2 ) = K(P e 1 , P e 2 ) + K(P e 1 , F e 2 ) +K(F e 1 , P e 2 ) + K(F e 1 , F e 2 ).
By the definition of the sectional curvature, we obtain ⇒ K(e 1 , e 2 ) = R(P e 1 , P e 2 , P e 2 , P e 1 ) + R(P e 1 , F e 2 , F e 2 , P e 1 ) R(F e 1 , P e 2 , P e 2 , F e 1 ) + R(F e 1 , F e 2 , F e 2 , F e 1 ).
Thus, with the help of (4.2)∼(4.7), we have ⇒ K(e 1 , e 2 ) =R(P e 1 , P e 2 , P e 2 , P e 1 ) − g(T P e1 P e 1 , T P e2 P e 2 ) + T P e1 P e 2 2 +g((∇ F e2 T )(P e 1 , P e 1 ), F e 2 ) − T P e1 F e 2 2 + A F e2 P e 1 2 +g((∇ F e1 T )(P e 2 , P e 2 ), F e 1 ) − T P e2 F e 1 2 + A F e1 P e 2 2 +R * (P e 1 , P e 2 , P e 2 , P e 1 ) − 3 A F e1 F e 2 2 .
Since,R (P e 1 , P e 2 , P e 2 , P e 1 ) =K(P e 1 , P e 2 ) P e 1 −2 P e 2 −2 and R * (P e 1 , P e 2 , P e 2 , P e 1 ) = K * (F e 1 , F e 2 ) F e 1 −2 F e 2 −2 (4.11) is obtained. (4.12) and (4.13) can be obtained with a similar way. Now, we give some inequalities for sectional curvatures of total manifold, base manifold and fibers. Corollary 4.2. Let π be a bi-slant submersion from a Kaehlerian manifold (M, g, J) onto a Riemannian manifold (N, g N ). Then, we havê K(P e 1 , P e 2 ) P e 1 −2 P e 2 −2 g(T P e1 P e 1 , T P e2 P e 2 ) +K * (F e 1 , F e 2 ) F e 1 −2 F e 2 −2 ≤ + T P e1 F e 2 2 , −K(e 1 , e 2 )
Proof. Let e 1 , e 2 ∈ kerπ * be orthonormal vector fields. Then, by (4.8) and (4.11), we get K(e 1 , e 2 ) − g(T e1 e 1 , T e2 e 2 ) + T e1 e 2 2 =K(P e 1 , P e 2 ) P e 1 −2 P e 2 −2 +K * (F e 1 , F e 2 ) F e 1 −2 F e 2 −2 −g(T P e1 P e 1 , T P e2 P e 2 ) + A F e1 P e 2 2 − T P e1 F e 2 2 +g((∇ F e2 T )(P e 1 , P e 2 ), F e 2 ) −3 A F e1 F e 2 2 + T P e2 P e 1 2 .
Thus, we obtain the assertion.
Corollary 4.3. Let π be a bi-slant submersion from a Kaehlerian manifold (M, g, J) onto a Riemannian manifold (N, g N ). Then, K(P e 1 , φE 1 ) g((∇ E1 T )(e 1 , e 1 ), E 1 ) + A E1 e 1 2 +K * (F e 1 , ωE 1 ) ≤ + T P e1 ωE 1 2 + T φE1 P e 1 2 +3 A F e1 ωE 1 2 + g(T P e1 P e 1 , T φE1 φE 1 ),
where e 1 ∈ kerπ * and E 1 ∈ kerπ ⊥ * orthonormal vector fields. Proof. Let e 1 ∈ kerπ * and E 1 ∈ kerπ ⊥ * be orthonormal vector fields. Then, by (4.9) and (4.12), we have g((∇ E1 T )(e 1 , e 1 ), E 1 ) + A E1 e 1 2 =K(P e 1 , φE 1 ) P e 1 −2 φE 1 −2 +K * (F e 1 , ωE 1 ) F e 1 −2 ωE 1 −2 − T φE1 P e 1 2 − T P e1 ωE 1 2 −3 A F e1 ωE 1 2 + A ωE1 P e 1 2 − T φE1 F e 1 2 − g(T P e1 P e 1 , T φE1 φE 1 )
+g((∇ ωE1 T )(P e 1 , P e 1 ), ωE 1 ) +g((∇ F e1 T )(φE 1 , φE 1 ), F e 1 ).
Therefore, the assertion is obtained. Proof. Let E 1 , E 2 ∈ kerπ ⊥ * be orthonormal vector fields. From (4.10) and (4.13), we get
+g((∇ ωE2 T )(φE 1 , φE 2 ), ωE 2 ) − T φE1 ωE 2 2 + A ωE2 φE 1 2 + g((∇ ωE1 T )(φE 2 , φE 2 ), ωE 1 )
Hence, the assertion is obtained.
